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Inhomogeneous cosmological models are often reported to suffer from a fine-tuning problem be-
cause of the observer’s location. We study if this is a generic feature in the Lemaˆıtre-Tolman (LT)
models, by investigating if there are models with freedom in the initial state. In these cases, the
present fine-tuned location would be evolved from a non-fine-tuned initial state and thus vanishing
the problem. In this paper, we show that this is not a generic problem and we give the condition
when the LT models do not have fine-tuned initial state. The physical meaning of this condition,
however, requires more investigation. We investigate if this condition can be found from a special
case: homogeneous models with matter, dark, and curvature density as parameters. We found that
with any reasonable density values, these models do not satisfy this condition and thus do not have
freedom in the initial state. We interpret this to be linked with the fine-tuning problem of the initial
state of the homogeneous models, when the early time inflation is not included to them. We discuss
of the condition in the context of non-homogeneous models.
I. INTRODUCTION
Supernovae Ia (SNIa) observations1,2 made just before the break of the millennium implies that the universe appears
to be expanding at an increasing rate. Observations of cosmic microwave background (CMB) radiation3 supports the
conclusions made from the supernovae observations. The most popular way to explain these observations are with
models based on Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric, which is based on general relativity and the
cosmological and the Copernican principles. The cosmological principle merely states that the universe is spatially
homogeneous everywhere, whereas the Copernican principle states that there are no preferred points in the universe.
In the literature of cosmology, the FLRW metric and models based on it are extensively presented4,5.
Even though the FLRW-based models fit well inside the frame provided by our observations, they are known to have
problems, for example, the fine-tuning problem4,5 and the cosmological constant problem4,6. One of the strengths
of the FLRW-based models is simplicity due to various approximations, although, that can also be counted as a
weakness. It is also questionable if all approximations are made acceptably, as is pointed out by Shirokov and Fisher7,
who questioned if the homogeneity approximation should be done to the Einstein tensor Gµν , rather than to the
metric gµν , since in general < Gµν(gµν) > 6= Gµν(< gµν >). However, this problem is more complex. As pointed out
by Shirokov and Fisher7, Einstein equations are no longer tensor equations after averaging in a sense, that they can
not be changed e.g. from covariant form to contravariant form with metric tensor without altering the equations.
From this perspective it seems that only tensors rank 0 and scalars have well-validated averages, on which Buchert’s
approach is based8. It is very possible that the problems FLRW-based models have are due to approximations, and
the work of Shirokov, Fisher and Buchert implies that the first approximation to question is the homogeneity. Such
a model was first introduced by Lemaˆıtre9, and later studied by Tolman10 and it is called the Lemaˆıtre-Tolman (LT)
model. The model is further developed11,12, but it is not studied as widely as the FLRW-based models and therefore
all the problems it suffers have not been discovered. Nevertheless, the LT model has already shown its power by
overcoming an important problem in the FLRW-based models; the LT model can explain SNIa observations without
dark energy13–16.
In contrast to these promising results, also set backs to the LT models have been reported where the models are
inconsistent with the observations when more observational constraints are imposed on them17–23. In these studies,
however, void and bang time profiles (or their equivalents) are imposed on the system, decreasing the generality of
the results. In addition, the resent tendency of the studies of the LT models has been such that Earth is placed in
the center of the spherical symmetry of the models. In15,23,24 were found that the CMB observations give a better
fit when we are located in the very vicinity of the center of the spherical symmetry. As specific void and bang time
profiles were used in these studies, thus making the results not general, a fine-tuning issue caused by the observer’s
location is apparently created.
General constraints for the LT models are such where no forms for any functions, such as void or bang time, are
assumed. Such constraints can be found by ruling out undesirable features of the system or assuming something
desirable for the system. A good example of a general constraint ruling out an undesirable feature is the condition to
avoid shell crossings25, since shell crossings are surfaces where the dust density diverges. In this article, we suggest
a general condition for preventing fine-tuning issues in the inhomogeneous models. We discuss this condition as
generally as possible whenever the idea holds in all inhomogeneous models, but we derive the relevant equations in
the LT framework. This condition arises by investigating when the structure of the equations governing the evolution of
2the universe is such, that it has an inherent property to make everything appear as observed, i.e., the inhomogeneities
of the universe at some point reach a state where they stabilize in a sense that the redshift observed from them no
longer changes.
Finding stability in any system usually relaxes at least some requirements of its initial state, motivating for the
search of stability. When observing any system changing, by using a model, one can calculate when and how it started.
However, if one observes some system that shows no change, one can not say how and when it began. Therefore, in
the latter case one can say the initial conditions being relaxed in a sense that from a large range of initial states, the
system could have formed to the state it is now observed. This allows freedom in the initial values of the system,
therefore it is crucial to demand that the state where the system shows no more change has been reached. Moreover,
because we observe redshift, it makes most sense to study when the redshift no longer changes as the time passes.
The assumption that the universe has reached a state where the redshift no longer changes can be reasonably
satisfied by the filament-like structure of the large scale structure around us. As looking further in distance also
means reflecting back in time, we see that the same kind of large scale structure have existed at least up to ∼ 0.2 in
redshift26. This does not mean that universe has reached some sort of stable state, but merely motivates to investigate
the possibility. Even though we investigate redshift and this reasoning relies on the structure formation, which is
governed by a different set of equations, it is not unreasonable to expect them having some correlation, thus giving
some validity to the deduction.
Consider matter inhomogeneities and their redshifts determined in a small solid angle. Assume a set of specific
cases of the LT model that fit the observations within observational inaccuracies. Tracking back in time of the
solutions of these specific cases leads us to the initial conditions from which the system could have developed. If we
also assume the stability discussed above has been reached, one can imagine at least, it relaxing the time of birth
of the universe at different locations, giving us a set of specific cases where the bang time is not fixed and can vary
from place to place. On the other hand, looking into a small solid angle in some other direction, we will find matter
inhomogeneities distributed somewhat differently, but the difference in the observed redshift is negligible. If we find
a set of specific cases in the first direction, there should be no reason not to find another set of specific cases to fit
these observations, and further on, another set of initial values. This can be done in all directions, which suggests
that almost any combination of proper over- and under dense regions (or shells in the case of the LT model) should
produce the observed redshift-distance relation. This implies that the density function at the bang time is not very
restricted either. Naturally, this train of thought suggests that the density function is very restricted on the surface of
the last scattering due to the isotropicity of the CMB. However, if the birth time of the universe is relaxed at location
where the surface of the last scattering takes place, it also enables the initial density distribution to be relaxed there,
because different time periods allow different density distributions to develop into the same state. As a consequence,
in general, different directions in the sky can be described with different void and bang time profiles. Unfortunatelly
this cannot be modelled with spherically symmetric models, but the apparent fine-tuning problem caused by the
observers location is due to the limitations of the spherical symmetric models. This is the main idea in this work.
In addition to avoiding fine-tuning issues, our approach offers another desirable feature to the system. In the
FLRW-based models, the observations indicate the universe to be very flat, creating a fine-tuning problem, which can
be eliminated with early times inflation. This procedure cannot be generalized to the LT models directly, because the
evolution of the universe in the LT models is dependent at coordinate distance, which would make the inflation occur
differently in separate locations and the consequences of this are unknown. Of course, one can require the LT model
to approach the homogeneous limit in the early times15,18, in which case the thoroughly studied FLRW results can
be utilized there, e.g., homogeneous inflation can be expected to take place. Nevertheless, demanding the universe
to approach the homogeneous limit excludes many possible models. In our approach, the system can not suffer from
this problem by its construction. Hence, at least for this reason, inflation is not required in our approach.
Indeed, it is in itself interesting enough to study inhomogeneities with redshifts unaltered by time, even if the
reason for this is unknown. The possible specific models arising with inhomogeneous bang time and not fine-tuned
initial density function, are in themselves interesting enough to study these phenomena. After all, there might also be
other effects, besides the one given earlier, causing the redshift not to change in time and thus relaxing the parameter
values of initial state. These other effects, if they exist, can be expected to be found when specific models are studied
carefully.
We begin in Section II by introducing the LT model from its most relevant parts to this paper. In Section III is
shown in detail how the redshift changes at different distances in observer time in the LT models. The main result of
this paper is given in Sec. IV, where the general requirement for the LT models to have a non-fine-tuned initial state
is formulated. We go to the homogeneous limit in Section V and show how the relevant equations reduce in this case.
In Section VI we show how the methods constructed can be utilized by applying them to the realistic homogeneous
cases. The paper is concluded and discussed in Section VII.
3II. THE LEMAIˆTRE-TOLMAN MODEL
The LT model34 describes a dust filled inhomegeneous but isotropic universe, which energy momentum tensor reads
as T µν = ρuµuν . Here ρ = ρ(t, r) is matter density and uµ is the local four-velocity. As the coordinates are assumed
to be comoving, the four-velocity is simply uµ = δµt . The standard synchronous gauge metric in the LT model is given
by35
ds2 = −dt2 + R
2
rdr
2
1 + f
+R2
(
dθ2 + sin2 θ dφ2
)
, (1)
where the subscript r denotes partial derivative with respect to the radial coordinate, Rr = ∂R(t, r)/∂r, R = R(t, r),
and f = f(r) > −1. In this prescription, the evolution of universe is built in to the local scale factor R, whereas
function f controls the overall radial dilatation. Including the cosmological constant Λ into the Einstein equations,
after some integrations, one obtains the relevant differential equations as
R2t =
2M
R
+ f +
Λ
3
R2, (2)
and
κρ =
2Mr
Rr R2
, (3)
where Rt = ∂R(t, r)/∂t, M =M(r) is an arbitrary function, κ = 8piG/c
4, and G is the Newton’s constant of gravity.
The conventional definition of redshift is
1 + z =
cδ0
cδe
, (4)
where δ0 and δe are the observed and emitted oscillation time periods of the light wave, respectively. In the case of
the LT model, the following expression can be derived from the redshift definition:14,27,28
dz
dr
=
(1 + z)Rrt(t(r), r)√
1 + f
, (5)
where t(r) describes how a light ray propagates in space, i.e., the path of a radial light ray given by the radial null
geodesic, where ds2 = dθ2 = dψ2 = 0. Using metric (1), it is described by the differential equation
dt
dr
= ± Rr√
1 + f
, (6)
where the signs correspond to an incoming (−) and outgoing (+) light rays.
III. THE CHANGE OF REDSHIFT
From the redshift equation (5) can the redshift on the null geodesic for a given function t(r) be solved uniquely.
This is best represented from the integral form of Eq. (5):
∫ ze
0
dz¯
1 + z¯
=
∫ re
0
Rrt(t(r), r)√
1 + f(r)
dr = −
∫ t(re)
t(0)
Rrt(t, r(t))
Rr(t, r(t))
dt, (7)
where re is the comoving distance of the observable, t(re) is the time of emission, t(0) is the time of observation and
ze is the redshift corresponding to these parameters. The last equality in (7) follows from Eq. (6). From (7), we see
that, in general, different functions t = t(r) corresponds to different emission and observation times for a fixed re,
but always can be found two functions t(r) and t˜(r) for which t(re) = t˜(re) and t(0) = t˜(0). On the other hand, if
t(re) = t˜(re) for all re ∈ [0,∞), functions are equivalent to each other and describes the same physical situation.
The differential equation (5) describes how the redshift changes with respect to the coordinate distance at given
time determined by the function t(r), thus by solving (5) with an indefinite integral over both sides would yield a
functional form of z(r, t(r)) for the redshift. Let us next see how the redshift of objects at some fixed distance re
changes as it is observed at different times. Two light crests are emitted at the times t(re) and t(re)+ δe and observed
4at the times t(0) and t(0) + δ0 respectively, describing two different redshifts of the same object received at different
times, {
ze := z(re, t(re), t(0)),
z˜e := z(re, t(re) + δe, t(0) + δ0).
(8)
The difference between these redshift values divided by the difference of the observing times, δ0, gives an evaluation
how the redshift of the observable at re changes next. Eq. (5) implies that the redshifts ze and z˜e are obtained by
choosing functions t(r) and t˜(r) appropriately: t(r) and t˜(r) need to have correct observation and emission times
corresponding to the radial coordinate distance36. Eqs. (4) and (5) show that by choosing
t˜(r) = t(r) + δ(t(r), r), (9)
where
δ(t(r), r) =
δ0
1 + z(t(r), r)
, (10)
we find the desired redshifts ze and z˜e. For the system to be coherent, we should have t˜(re) = t(re) + δ(t(re), re)
for all re ∈ [0,∞). Based on our earlier discussion, this requirement uniquely determines functions t(r) and t˜(r) and
hence δ(t(r), r) too.
The change of redshift is thus
δze := z˜e − ze = exp
[∫ re
0
Rrt(t˜(r), r)√
1 + f(r)
dr
]
− exp
[∫ re
0
Rrt(t(r), r)√
1 + f(r)
dr
]
≈ (1 + ze)
∫ re
0
Rrtt(t(r), r)√
1 + f(r)(1 + z)
drδ0, (11)
where the last step follows from the first order approximation with respect to δ0 after the Taylor expansion of
Rrt(t˜(r), r). Integration over the redshift in the integrand can be executed after the redshift is presented with respect
to r, which can be obtained by solving the differential equation (5) by integrating over intervals [0, z] and [0, r].
We have arrived in a novel way to the same result published in29. Another difference from their paper is that
we began from a more general situation by starting from functions t(r) and t˜(r) and showing that in this particular
physical situation, t˜(r) is uniquely determined as t˜(r) = t(r)+ δ(t(r), r). Eq. (11) can also be achieved by yet another
way, which is by giving a similar treatment as above to the time dependent form of the Eq. (7). This is a longer way
compared with the one above, but important because that it implies the system to be coherent and well understood.
The change of redshift in observer time, often referred as the redshift drift, can be used effectively in two distinct
ways. Eq. (11) can be used so that re is the only variable, in which case (11) gives an evaluation how the redshift is
going to change at all distances on the null geodesic next. This can be used to discriminate models from each other
in the future, after the accuracy of observations has improved enough29. The differential limit of Eq. (11) is derived
by dividing both sides of it with δ0 and going to the limit δ0 → 0, yielding
dz(re, t(re, t0), t0)
dt0
= [1 + z(re, t(re, t0), t0)]
∫ re
0
Rttr(t(r, t0), r)√
1 + f(r)
1
1 + z(r, t(r, t0), t0)
dr, (12)
where t(0) = t0, giving us a differential equation of ze(t0), re being a parameter. Since Eq. (12) is interpreted as a
differential equation, the explicit dependence on the observation time is also written; from the derivation of Eq.(11),
one can see that only the redshift and t depend on t0, and more specifically, the dependence on t0 in redshift comes
through t and the lower integration limit. Note, that this also applies to the definition (8) and we have used here the
notation ze = z(re, t(re, t0), t0).
IV. CONVERGING REDSHIFT
When the redshift drift equation is considered as a (integro-)differential equation, it can also be treated as one.
However, when considering it describing a dynamical system, one has to be cautious with deductions and interpreta-
tions as it is not describing the whole system but rather every distance separately. These issues are presented in the
Conclusions and Discussions.
As discussed in the Introduction, we are interested in the situations where the redshift of observables at some given
coordinate distance no longer changes in time, thus we investigate when the redshift solved out from the differential
equation (12), converges towards some constant value in observer time. For this, we construct an autonomous system
5of Eq. (12) and then study the behavior of the system in phase plane30,31. Eq. (12) is not autonomous as it explicitly
depends on t0, but by artificially considering dze/dt0 to be implicitly dependent on t0 through z and identity function,
an autonomous system of this physical situation is described by two first order differential equations: Eq. (12) and
the trivial relation dt0/dt0 = 1. Clearly fixed points, where both dze/dt0 and dt0/dt0 are zero, can not be found.
Hence, finite stable points do not exist in the autonomous system. However, it is possible for dze/dt0 to converge
towards zero as as the observer time goes to infinity. Since we do not expect 1+ ze to vanish, this can only take place
when the integral of Eq. (12) converges to zero. Thus, if
lim
t0→∞
∫ re
0
Rttr(t(r), r)√
1 + f(r)
1
1 + z(r, t0)
dr = 0, (13)
the redshift of the observables at distance re converges towards some constant value. Qualitatively, there are two
different cases for this to take place: as the observer time goes to infinity, the integrand can either go to zero or change
sign appropriately allowing the integral over it to vanish. Both of these circumstances are controlled by the function
Rttr, since we do not expect 1+ z or
√
1 + f to change sign or to approach infinity over time. The former case occurs
when
lim
t0→∞
Rttr(t(r), r) = 0 for all r ∈ [0, re], (14)
and thus holds for all distances up to re ensuring the redshift drift to disappear for every object up to re. The latter
case makes the drift disappear only at specific distances; consider Rttr(t(r), r) crossing over the r-axis in (r, Rttr)-
plane ones. There can be only one re value for which the integral of the Eq. (12) disappears. This generalizes: if
Rttr(t(r), r) crosses over the r-axis n times, then the maximum amount of re values for which the integral of the Eq.
(12) dissapears is n. According to this, the autonomous system can have many observables with different distances
where dz/dt0 converges to zero if Rttr is an oscillating function with respect to r. From (2), we find Rttr to take an
elegant form even in the presence of the cosmological constant:
Rttr = −Mr
R2
+ 2
MRr
R3
+
2Λ
3
Rr. (15)
In general it is expected to be very challenging locating the distances re which satisfies (13). Therefore, it is
reasonable to begin by studying when Rttr = 0 on the null geodesic. This can be done using the present null geodesic,
since in this paper we assume that the observed redshifts are not coincidental, but the universe has already reached
a state where these observed values have already reached the values they are converging towards. After determining
when Rttr = 0 on the present null geodesic we have a better understanding how many zero redshift drift locations
there can be and at what coordinate range they are located. This facilitates finding the locations where the redshift
drift is zero. After the zero drift loci are traced down, one needs to check if these loci stay as such when t0 →∞. In
practice, this can be a very difficult task since the differential equations are solved numerically. For this reason, in
this case, it is sufficient to study when the integral disappears for long enough time.
V. THE HOMOGENEOUS LIMIT
When going to the homogeneous limit, the form of the line element needs to be chosen to be compatible with the
chosen gauge. For example, the standard FLRW metric relation between r and z is4
r =
2zΩnowm + (2Ω
now
m − 4)
(√
zΩnowm + 1− 1
)
anowHnow(z + 1)(Ωnowm )
2
, (16)
where Ωnowm , anow and Hnow are the present matter density, scale factor and Hubble constant. However, if the gauge
degree of freedom is used to give t(r) = t0 − r, then the relation between r and z is
r = ±
√
1
k
− a
2
now
k(1 + z)2
, (17)
which is obtained from from Eq. (6) and a = a0/(1+z) when they are evaluated at the present moment. Clearly Eqs.
(16) and (17) are not equivalent, except in some special cases. We denote the present time (the time since the big
bang) by tnow and observation time by t0, tnow being a constant and t0 being a variable. Also, quantities with super-
or subscript ’now’ indicates that they are evaluated at the time tnow and thus are constants too. Similarly, quantities
6with super- or subscript ’0’ means that they are evaluated at the time t0 and are also variables. In the special case
where the observation is done today, the observation time has the value t0 ≡ tnow.
In spherically symmetric homogeneous space-time, the metric can always be given as32
ds2 = g(v)dv2 + h(v)
(
du2 +
k(u · du)2
1− ku2
)
, (18)
where v and u = (u1, u2, u3) are the coordinates, g(v) is a negative and h(v) is a positive function of v, and k is
spatial curvature and can be chosen to be 1, 0, or -1. For our purposes, it is convenient to define the new coordinates
t, r, θ, and ϕ by √
−g(v)dv = dt,
u1 = Θ(r) sin θ cosϕ,
u2 = Θ(r) sin θ sinϕ,
u3 = Θ(r) cos θ. (19)
Then we have
ds2 = −dt2 + a2
[
Θ2r
1− kΘ2 dr
2 +Θ2dΩ2
]
, (20)
where a = a(t) =
√
h(v), Θ = Θ(r), Θr = ∂Θ(r)/∂r and dΩ
2 = dθ2 + sin2 θdϕ2. With the above metric definition
equations (5) and (6) reduces to be
dz
dr
=
(1 + z)atΘr√
1− kΘ2 , (21)
where at = ∂a(t)/∂t and
dt
dr
= − aΘr√
1− kΘ2 . (22)
Combining these, the well-known relation in the homogeneous models,
1
1 + z
=
a
a0
, (23)
is reproduced. The inconsistency presented between Eqs. (16) and (17) can thus be prevented by choosing the function
Θ(r) appropriately. On the null geodesic Θ(r(z)) can be integrated out from Eq. (22) using Eq. (23) once a(t) or
a˙(a) is explicitly known, giving for different curvature cases:
Θ(r(ze)) =


sinh
(∫ ze
0
1+z
a0zt
dz
)
, k = −1 ,∫ ze
0
1+z
a0zt
dz, k = 0 ,
sin
(∫ ze
0
1+z
a0zt
dz
)
, k = 1 ,
(24)
where Θ(r = 0) = 0 is determined by the requirement R(z = 0) = 0 and zt = ∂z/∂t.
With the line element (20), Eq. (2) takes the normal Friedmannian form and therefore can be written as
at = ±Hnowa
√
Ωnowm (a/anow)
−3 +ΩnowΛ +Ω
now
k (a/anow)
−2, (25)
where ΩnowΛ is the present value of the dark energy density and Ω
now
k is the present value of the spatial curvature
density, which can be expressed as Ωnowk = 1− Ωnowm − ΩnowΛ .
The LT redshift drift equation (12) simplifies considerably in the homogeneous case. By using the null geodesic
equation (6) and going to the homogeneous limit yields
dz
dt0
= −(1 + z(re, t0))
∫ te
t0
att(t)
a(t)
1
1 + z(r(t), t0)
dt = −a(t0)
a(te)
∫ te
t0
att(t)
a(t)
a(t)
a(t0)
dt =
at(t0)− at(te)
a(te)
. (26)
7Similarly as in the general case, this equation can be used in two different ways: to evaluate how redshift is going to
drift next on the null geodesic or as an ordinary differential equation. In the former case, t0 is a parameter and te
is the only variable, whereas in the latter case both of them are considered as variables and are related via the null
geodesic equation (22)33. This is more transparent by writing the null geodesic equation in integral form
∫ te
t0
dt
a(t)
= u, (27)
where u is a constant37 , which explicit form depends on the curvature:
u =


arcsinhΘ, k = −1,
Θ, k = 0,
arcsinΘ, k = 1.
(28)
VI. EXAMPLE: THE REALISTIC HOMOGENEOUS CASES
In this section, we demonstrate how the methods presented in this paper can be utilized in practice to find locations
where the redshift drift is zero at the moment and if they stay as such as time elapses. Methods are applied to the
limiting homogeneous cases in which the evolution is described by (25) and there is no pressure in the system.
In the homogeneous universes Rttr = attΘr and the function Θr is related to the coordinate distances and thus can
not be zero besides in the origin, hence it is sufficient to study when att vanish. In the absence of pressure
att(t) = −4pi
3
ρ(t)a(t) +
Λ
3
a(t), (29)
where ρ(t) = ρnow[anow/a(t)]
3 and ρnow is the present matter density. Trivially, att is zero in empty space, but we
ignore this possibility due to the fact that space containing only curvature cannot describe our universe. In non-empty
space, att can vanish on the today’s observer’s null geodesic only at the distances r
′ > 0 where
a(tnow)
a(t(r′))
=
(
Λ
4piρnow
)1/3
. (30)
For a monotonic a(t(r)), this can take place only at one coordinate distance. In realistic cases, the function a(t(r))
can be assumed to be monotonic and we justify this at this section’s end. Hence, there can exist only one re, where
the redshift drift disappears, and if so, it is found where the integral in (12) disappears. In the homogeneous case,
this reduces down to equation at(t0) = at(te) (see (26)), which by using Eq. (25) becomes
a0
√
Ωnowm
(
anow
a0
)3
+ΩnowΛ + (1− Ωnowm − ΩnowΛ )
(
anow
a0
)2
= (31)
ae
√
Ωnowm
(
anow
ae
)3
+ΩnowΛ + (1− Ωnowm − ΩnowΛ )
(
anow
ae
)2
. (32)
This equation reduces even further:
a20Ω
now
Λ +
a3nowΩ
now
m
a0
= a2eΩ
now
Λ +
a3nowΩ
now
m
ae
. (33)
On today’s observer’s null geodesic, where t0 = tnow, we find three loci, re, where the redshift drift is zero: one
trivial, one unphysical and
a(t(re)) = anow
−ΩnowΛ +
√
ΩnowΛ
√
ΩnowΛ + 4Ω
now
m
2ΩnowΛ
. (34)
For ΩnowΛ = 0.7 and Ω
now
m = 0.3, the locus where the redshift drift is zero for today’s observer is where z ≈ 2.
However, the redshift drift does not stay zero at this locus for models where Ωnowm and Ω
now
Λ are non-negative and
where a(t(r)) is a monotonic function. For the cases where either ΩΛ or Ωm is zero, this can directly be seen from
Eq. (33), since it yields a(t(re)) = a(t(0)), which can only be satisfied at the origin for a monotonic a(t(r)). The
8case where neither ΩΛ nor Ωm is zero, we compare Eqs. (27) and (33). The comparison between these equations is
executed since the former describes how t0 and te are related and the latter describes how they should be related for
redshift drift to stay zero at specific loci as the observer time elapses. Since we can find three solutions for ae from
Eq. (33), we should find the same solutions for ae from Eq. (27) too if the equations are equivalent. Furthermore, we
should find the same derivatives dae/dte from both of the equations. After derivating both equations, with respect to
te, and solving the terms dae/dte from them, it is evident that the derivatives are not the same in general. However,
by setting the derivatives equal, we find the constraint when they are equivalent. This yields the equation
(2a0Ω
now
Λ − Ωnowm /a20)/(2aeΩnowΛ − Ωnowm /a2e) = ae/a0, (35)
from which ΩnowΛ can be solved:
ΩnowΛ = −
Ωnowm
2a0ae(a0 + ae)
. (36)
Evidently, the derivatives dae/dte of Eqs. (27) and (33) cannot be the same for positive matter and dark energy
density. Therefore, Eqs (27) and (33) do not have the same realistic solutions and hence no realistic homogeneous
model has a location where the redshift drift stays zero.
The monotonicity of a(t(r)) can be verified by investigating when
0 =
da(t(r))
dr
= at(t(r))tr(r) = ±
Hnowa
2Θr
√
Ωnowm (a/anow)
−3 +ΩnowΛ +Ω
now
k (a/anow)
−2
√
1− kΘ2 , (37)
where Eqs. (22) and (25) are used. Clearly, the function inside the square root is positive if |Ωnowk | < ΩnowΛ ,Ωnowm and
a = 0 only at the Big Bang. In addition, the gauge degree of freedom is still unused, so we can choose Θ = r. Thus,
a(t(r)) is zero only at the Big Bang time and hence is a monotonic function.
As was shown, at the homogeneous limit, we can find locations with zero redshift drift, but the redshift in these loci
is not converging to any constant in non-empty space. Therefore, in the perspective of our analysis, in every location
the observed redshift is coincidental as there are no positive distances where the change stays zero.
VII. CONCLUSIONS AND DISCUSSION
We consider when the initial conditions of the inhomogeneous cosmological models can be relaxed without assuming
additional features to the models, e.g. inflation. We conclude that this can be done by studying when the change of
redshift of objects converges towards zero while the observer time approaches to infinity. Analysis of the phase space
(z, zt0) is used to find this out and the analysis is restricted to the LT models. The methods found here can be used to
search for models with non-fine-tuned initial values and test models if their initial values can be relaxed. The latter
is demonstrated on the present paper at the homogeneous limit and the former is planned to do for future studies.
The deduction that some initial conditions can be relaxed if the redshift drift is zero is, in detail, given in the
Introduction, but was mainly motivated by the observer’s point of view. If one observes some system changing, by
using a model one can also calculate when and how it started. However, if one observes some system that shows no
change, one can not say how and when it began. For this reason, it is crucial for us to assume that the universe has
already reached the state where the observed redshifts no longer change in time, as we want freedom to the initial
state. Therefore, it is sufficient to study the convergence of the redshift only at the loci where the redshift drift is zero
already on today’s observer’s null geodesic. Loci, where the redshift drift is zero on today’s observer’s null geodesic
and stays zero as observer time approaches to infinity, we refer to the non-incidental as the observed redshift value is
fixed there for today’s and future’s observers. Other loci we call incidental, since the observed redshift value changes
there with time.
In section IV, we showed that the redshift can converge towards a constant value in two qualitatively distinct ways; it
can converge at every coordinate distance at some range or at a specific coordinate distances. The previous situation
is mathematically more sound, because in this case, the redshift converges in every point at this range enabling
non-fine-tuned initial conditions at every point at this range. Physically, however, it is difficult to understand how
this can take place since inhomogeneities are encountered. The latter case is, at the physical point of view, more
understandable but mathematically not as well founded, since the initial conditions can be expected to have some
freedom only at the points where the redshift drift is zero. In the perspective of our approach, the observations from
the loci with non-zero redshift drift have fine-tuned initial states. However, one can possibly over come this problem
by physical reasoning. The fact is that the observations are not uniformly distributed in distance,e.g., we can not
observe the redshift closely behind mass concentrations. Hence, if the observations are mainly from distances where
9the redshift drift is zero, the problem appears to vanish, at least if the incidental observations fit inside inaccuracies.
Nevertheless, this is only speculation and we have planned to clarify these issues in the subsequent papers. The point
here is, however, that both of these cases have appealing aspects for which reason they can not be excluded a prior,
but require investigation in detail.
As discussed earlier, it is a necessity for us to require converging redshift values on the present null geodesic, but
the physical meaning of these loci remains to be determined. For this reason, it is difficult to say how distant these
loci should reach. For example, if the redshift converges towards constant values at every coordinate distance at some
range, what is this range? In the perspective of our analysis, it is reasonable to assume the range includes at least
the vicinity of the Milky Way, but how far out should it reach? Following the reasoning given in Introduction, these
loci should be found at least as far as we see filament-like large scale structure. However, structure formation and
redshift drift are controlled by different equations, so this reasoning can merely be used as a first guideline.
In the Introduction, we discussed why the initial dust density distribution should have some freedom. It was deduced
to hold when our line of sight in different directions does not show isotropy in dust distribution, like in large scale
structure. However, CMB shows strong isotropy, thus in this light, the density distribution freedom on the surface of
the last scattering is small. In fact, somewhat similar behavior exists when studying so-called “Giant Void” models,
which is a class of inhomogeneous LT models of which specific cases was successfully fitted to SNIa and CMB data.
SNaI data does not seem to restrict the observer too close to the center of the void in these models, which is compatible
with our deduction that the dust density distribution is not very restricted as far as filament-like structure can be
detected. Furthermore, the CMB appears to be very restricting observation in these models, placing the observer at
the very vicinity of the center of the void.15,23,24 This is again compatible with our conclusions. On the other hand,
the range, in which we choose non-incidental redshifts on our null geodesic to cover, can play a significant role here.
Indeed, if the locus of the surface of the last scattering is non-incidental, the bang time at that locus is not fixed.
Moreover, Giant Voids are not needed to explain observations if the bang time profile is appropriate16. This suggests
that by employing the bang time freedom on the surface of the last scattering, introduced by its non-incidentaly,
would bring freedom to the density distribution of this location. Hence, one can find generalized Giant Void models
where the void is not spherically symmetric, and furthermore, not even a void in every direction. Of course, these type
of models can no longer be modelled with LT models due to their spherical symmetricity. Thus, within the framework
of the LT models, the apparent fine-tuning problem caused by the observer’s location is due to the limitations of the
spherical symmetricity of the models.
As an illustration how to utilize methods constructed in this paper, we analyzed the homogeneous limit of the LT
model in detail, of which one special case describes the concordance ΛCDM model at late times. We showed that
realistic homogeneous models including curvature, dust and dark energy can have locations on the present observer’s
null geodesic with zero redshift drift, but the feature in these locations cannot stay permanent. This means that
there are no loci in these models where the redshift converges towards some constant value. Thus, all observed values
are incidental. This result, however, is not surprising; as it is known, without inflation, the homogeneous models
have a fine tuning problem of matter and energy density4,5, and in this case even including the redshift effects in the
equations cannot fix this problem.
An interesting physical issue arose when studying the homogeneous case, which can be expected to be encountered
with more general models too. Earlier we discussed if the inhomogeneous models with a handful of non-incidental
loci can relax initial conditions. The reasoning used no longer works if there exists only one or two of these loci. In
the homogeneous models, loci with zero redshift drift were found, but none of these were non-incidental. However,
it is possible that there are inhomogeneous models where we find one or two non-incidental locations. The physical
meaning of this is unknown but interesting, thus we will look into that in detail if encountered.
Even though it is known that any LT model cannot describe the entire history of the universe due to the absence
of the pressure, it can describe the late times. Consequently, as we investigate a late time feature, it can be expected
to hold in more general models - especially in those approaching the LT models at the late times.
The overall view our analysis casts on the inhomogeneous models is interesting. We have constructed an effective
method of finding inhomogeneous LT models, which do not have fine-tuning issues, at least when it comes to the
bang time and density distribution functions. The caveat is that the physical meaning of our requirement for non-
incidentally is not fully understood. It might very well be that one cannot construct a physically appealing system
with non-incidental observations. On the other hand, the idea cannot be rejected without further investigation.
The inhomogeneous models are the last attempt to explain the universe with Einstein’s general relativity and the
well-known energy forms, dust, radiation and curvature. These models seem to have a statistically unfavourably
feature, the fine-tuning of the observer’s location. If this truely turns out to be a generic property, assuming that
the future observations do not violate the Copernican principle, it would make these models statistically inviable. In
this case, the well-established physics cannot describe the nature without this disability and something extra, such as
inflation, is required to overcome this issue. Hence, it is important to study the fine-tuning issue of the inhomogeneous
models carefully.
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